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Scalar curvatures in almost Hermitian geometry
and some applications
Jixiang Fu Xianchao Zhou
Abstract
On an almost Hermitian manifold, we have two Hermitian scalar curvatures with
respect to any canonical Hermitian connection defined by P. Gauduchon. Explicit
formulas of these two Hermitian scalar curvatures are obtained in terms of Rieman-
nian scalar curvature, norms of decompositions of covariant derivative of the fun-
damental 2-form with respect to the Levi-Civita connection, and the codifferential
of the Lee form. Then we get some inequalities of various total scalar curvatures
and some characterization results of the Ka¨hler metric, balanced metric, locally con-
formally Ka¨hler metric and the k-Gauduchon metric. As corollaries, we show some
results related to a problem given by Lejmi-Upmeier [27] and a conjecture given by
Angella-Otal-Ugarte-Villacampa [2].
Keywords. J-scalar curvature, canonical Hermitian connection, Hermitian scalar cur-
vature, the first Chern form, balanced metric, k-Gauduchon metric
1 Introduction
In Ka¨hler geometry, the complex structure is parallel with respect to the Levi-Civita con-
nection. There is a well connection between the complex geometry and the underlying
Riemannian geometry on a Ka¨hler manifold. S. T. Yau [41] proved that the Kodaira di-
mension of a compact Ka¨hler manifold with positive total scalar curvature must be −∞.
He [41] also proved that a compact Ka¨hler surface is uniruled if and only if it admits
a Ka¨hler metric with positive total scalar curvature. For a Hermitian non-Ka¨hler mani-
fold, the complex structure is not parallel with respect to the Levi-Civita connection. We
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usually choose the Chern connection instead of the Levi-Civita connection and hence we
have the (total) Chern scalar curvature. I. Chiose, R. Ra˘sdeaconu and I. S¸uvaina [10] then
successfully extended Yau’s result to the non-Ka¨hler case and showed that a Moishezon
manifold is uniruled if and only if it admits a balanced metric of positive total Chern
scalar curvature. Recently, X. K. Yang [40] have proved that a compact complex mani-
fold M admits a Hermitian metric with positive (resp., negative) Chern scalar curvature
if and only if the canonical line bundle KM (resp., anti-canonical line bundle K
∗
M ) is not
pseudo-effective.
The purpose of this paper is to study various (total) scalar curvatures on an almost
Hermitian manifold. We first recall some definitions given by P. Gauduchon [18]. Let
(M,J, h) be an almost Hermitian manifold of real dimension 2n. Let∇ be the Levi-Civita
connection of h and F the associated fundamental 2-form. P. Gauduchon [18] introduced
a 1-parameter familyDt of canonical Hermitian connections as follows:
h(DtXY, Z) =h(∇XY −
1
2
J(∇XJ)Y, Z)
+
t
4
[h((∇JY J)Z + J(∇Y J)Z,X)− h((∇JZJ)Y + J(∇ZJ)Y,X)].
There are three important cases:D0 is the first canonical Hermitian connection, also called
the Lichnerowicz connection [25];D1 is the second canonical Hermitian connection, also
called the Chern connection because it coincides with the connection used by S. S. Chern
[9] in the integrable case; D−1 is the Bismut connection. In the integrable case, D−1 is
characterized by its torsion being skew-symmetric [4].
On an almost Hermitian manifold, we have the Riemannian scalar curvature s and the
J-scalar curvature sJ associated to the Levi-Civita connection. The relations and some
applications of these two scalar curvatures are discussed in section 2. Meanwhile, for any
canonical Hermitian connectionDt, by using contractions of the corresponding curvature
tensor Kt, two Hermitian scalar curvatures s1(t) and s2(t) can be defined. In fact, for a
given unitary frame field {ui}i=1,2,...,n, we define
s1(t) = K
t(ui¯, ui, uj, uj¯) and s2(t) = K
t(ui¯, uj, ui, uj¯).
For a Hermitian manifold with the Chern connection D1 or the Bismut connection D−1,
the relations between the corresponding Hermitian scalar curvatures and the Riemannian
scalar curvature have been presented in many papers [16, 1, 23, 28]. In this paper, we
mainly establish the following two identities.
Theorem 1.1. (=Theorem 4.3.) Let (M,J, h) be an almost Hermitian manifold of real
dimension 2n. Then
s1(t) =
s
2
− 5
12
|(dF )−|2 + 1
16
|N0|2 + 1
4
|(dF )+0 |2
+ [
1
4(n− 1) +
t− 1
2
]|αF |2 + t− 2
2
δαF
3and
s2(t) =
s
2
− 1
12
|(dF )−|2 + 1
32
|N0|2 − t
2 − 2t
4
|(dF )+0 |2
− [ t
2 − 2t
4(n− 1) +
(t+ 1)2
8
]|αF |2 − t+ 1
2
δαF .
Here, (dF )−, N0, (dF )+0 and αF are the four components of ∇F [18]. By letting
some of them equal zero, A. Gray and L. M. Hervella [21] defined 16 classes (4 classes for
n = 2) of almost Hermitian manifolds. We will use the same notations of classes of almost
Hermitian manifolds as in [21]. For example, the classW1 ⊕W4: N0 = (dF )+0 = 0; the
classW3 ⊕W4: (dF )− = N0 = 0; the classW2 ⊕W3 ⊕W4: (dF )− = 0.
In the following, we give some applications of Theorem 1.1.
Theorem 1.2. (=Theorem 5.1.) Let (M,J, h) be a compact almost Hermitian manifold of
real dimension 2n (n ≥ 3).
(1) If (M,J, h) ∈ W2 ⊕W3 ⊕W4 and t ≥ 1− 12(n−1) , then∫
M
[2s1(t)− s]dv ≥ 0.
The equality holds if and only if (M,J, h) is a locally conformally Ka¨hler manifold when
t = 1− 1
2(n−1) or (M,J, h) is a Ka¨hler manifold when t > 1− 12(n−1) .
(2) If (M,J, h) ∈ W1 ⊕W4 and t ≤ 1− 12(n−1) , then∫
M
[2s1(t)− s]dv ≤ 0.
The equality holds if and only if (M,J, h) is a locally conformally Ka¨hler manifold when
t = 1− 1
2(n−1) or (M,J, h) is a Ka¨hler manifold when t < 1− 12(n−1) .
Recently, for the Chern connection D1, M. Lejmi and M. Upmeier have given a prob-
lem in Remark 3.3 in [27]: do higher-dimensional compact almost Hermitian non-Ka¨hler
manifolds with 2s1(1) = s exist? For this question, from Theorem 1.2 (1), we have the
following non-existence result.
Corollary 1.3. (=Corollary 5.3.) Let (M,J, h) be a compact almost Hermitian manifold
of real dimension 2n (n ≥ 3). If (M,J, h) ∈ W2 ⊕ W3 ⊕ W4 and 2s1(1) = s, then
(M,J, h) is a Ka¨hler manifold.
Theorem 1.4. (=Theorem 5.4.) Let (M,J, h) be a compact almost Hermitian manifold of
real dimension 2n (n ≥ 3).
(1) If (M,J, h) ∈ W2 ⊕W3 ⊕W4, t ∈ (−∞,−3− 2
√
3] ∪ [−3 + 2√3,+∞), then∫
M
[s1(t)− s2(t)]dv ≥ 0.
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The equality holds if and only if (M,J, h) is a balanced Hermitian manifold when t = 1
or (M,J, h) is a Ka¨hler manifold when t 6= 1.
(2) If (M,J, h) ∈ W1 ⊕W4, t ∈ [−1, 13 ], then∫
M
[s1(t)− s2(t)]dv ≤ 0.
The equality holds if and only if (M,J, h) is a Ka¨hler manifold.
Recently, B. Yang and F. Y. Zheng [38], and D. Angella, A. Otal, L. Ugarte and R.
Villacampa [2] have introduced the definition of Ka¨hler-like Hermitian structure on a
Hermitian manifold. As a corollary of Theorem 1.4 (1), we prove conjecture 2 in [2] for
t ∈ (−∞,−3− 2√3] ∪ [−3 + 2√3, 1) ∪ (1,+∞).
Corollary 1.5. (=Corollary 5.7.) Let (M,J, h) be a compact Hermitian manifold of real
dimension 2n (n ≥ 3). If (M,J, h) is Ka¨hler-like for a canonical Hermitian connection
Dt with t ∈ (−∞,−3 − 2√3] ∪ [−3 + 2√3, 1) ∪ (1,+∞), then (M,J, h) is a Ka¨hler
manifold.
Although t = −1 (i.e., the Bismut connection) is not contained in Corollary 1.5, we
have
Theorem 1.6. (=Theorem 5.8.) Let (M,J, h) be a compact Hermitian manifold of real
dimension 2n (n ≥ 3). Then∫
M
[s1(−1)− s2(−1)]dv =
∫
M
(|dF |2 − |αF |2)dv.
In particular, if h is a Gauduchon metric (i.e., δαF = 0) and s1(−1) = s2(−1), then h is
a k-Gauduchon metric [14], that is
√−1∂∂¯(F k) ∧ F n−k−1 = 0,
for k = 1, 2, ..., n− 1.
The paper is organized as follows. In section 2, we provide a brief description of the
almost Hermitian geometry. An important formula between the Riemannian scalar curva-
ture and the J-scalar curvature is obtained. In section 3, we show the explicit formulas
of the two Hermitian scalar curvatures of the Lichnerowicz connection on an almost Her-
mitian manifold. In section 4, by using the structure equations of the Lichnerowicz con-
nectionD0 and the Chern connectionD1, we get the corresponding curvature formulas of
Gauduchon’s family of canonical Hermitian connectionsDt. In section 5, we show some
applications of Theorem 1.1.
For convenience, we fix the index range 1 ≤ i, j, k, ... ≤ n, 1 ≤ A,B,C, ... ≤ 2n. We
should use the Einstein summation convention, i.e., repeated indices are summed over.
The space of smooth tangent vector fields onM is denoted by Γ(TM).
52 J-scalar curvature of an almost Hermitian manifold
In this section, we provide a brief description of the almost Hermitian geometry. In partic-
ular, we review the decomposition of the covariant derivative of the fundamental 2-form
with respect to the Levi-Civita connection. Then we introduce an important formula be-
tween the Riemannian scalar curvature and the J-scalar curvature. Some applications are
also discussed.
Let (M,J, h) be an almost Hermitian manifold of real dimension 2n. J is an almost
complex structure which is orthogonal with respect to the Riemannian metric h = 〈, 〉.
The Levi-Civita connection of h is denoted by∇. The Nijenhuis tensor N is defined by
N(X, Y ) = [X, Y ] + J [JX, Y ] + J [X, JY ]− [JX, JY ],
where X, Y ∈ Γ(TM). It is well-known that N ≡ 0 if and only if J is integrable [30].
The associated fundamental 2-form F is defined by
F (X, Y ) = h(JX, Y ),
and the volume form is denoted by dv = F
n
n!
.
Another important differential form of (M,J, h) is the Lee form αF , defined by αF =
JδF , where δ = − ∗ d∗ is the codifferential with respect to h. In fact, the Lee form αF is
also determined by
dF = (dF )0 +
1
n− 1αF ∧ F, (2.1)
where (dF )0 denotes the primitive part of dF .
The covariant derivative of F with respect to the Levi-Civita connection ∇ is
(∇XF )(Y, Z) = 1
2
[dF (X, Y, Z)− dF (X, JY, JZ)− 〈JX,N(Y, Z)〉]. (2.2)
∇F also satisfies
(∇XF )(Y, Z) = −(∇XF )(Z, Y ) = −(∇XF )(JY, JZ), (2.3)
where X, Y, Z ∈ Γ(TM).
According to Proposition 1 in [18], ∇F has the following decomposition,
(∇XF )(Y, Z) = (dF )−(X, Y, Z)− 1
2
N(JX, Y, Z)
+
1
2
[(dF )+(X, Y, Z)− (dF )+(X, JY, JZ)], (2.4)
where X, Y, Z ∈ Γ(TM), N(JX, Y, Z) = 〈JX,N(Y, Z)〉, (dF )+ is the (2, 1) + (1, 2)-
component of dF , (dF )− is the (3, 0) + (0, 3)-component of dF . Furthermore,
N = N0 + bN, (2.5)
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(dF )+ = (dF )+0 +
1
n− 1αF ∧ F, (2.6)
where bN is the skew-symmetric part of N , defined by bN(X, Y, Z) = 1
3
[N(X, Y, Z) +
N(Y, Z,X)+N(Z,X, Y )], N0 denotes the component of the Nijenhuis tensor satisfying
bN0 = 0, (dF )+0 is the primitive part of (dF )
+.
For an almost Hermitian manifold, the four components (dF )−, N0, (dF )+0 and αF
carry important geometric information. Each of the 16 classes ( 4 classes for n = 2) of
almost Hermitian manifolds given by the Gray-Hervella classification [21] corresponds
to the vanishing of some subset of {(dF )−, N0, (dF )+0 , αF}. For example,W1= the class
of nearly Ka¨hler manifolds: N0 = (dF )+0 = αF = 0; W2= the class of almost Ka¨hler
manifolds: (dF )− = (dF )+0 = αF = 0, equivalently, dF = 0; W3= the class of semi-
Ka¨hler (or balanced [29]) Hermitian manifolds: (dF )− = N0 = αF = 0;W3 ⊕W4= the
class of Hermitian manifolds: (dF )− = N0 = 0.
The metric h induces natural inner product, also denoted by 〈, 〉, on ∧kM (the bun-
dle of real k-forms) and on TM ⊗ ∧kM (the bundle of TM-valued k-forms). From the
decomposition (2.4), then the norm formula of∇F is [18]
|∇F |2 = |dF |2 + 1
4
|N0|2 − 2
3
|(dF )−|2
= |(dF )+|2 + 1
4
|N0|2 + 1
3
|(dF )−|2
=
|αF |2
n− 1 + |(dF )
+
0 |2 +
1
4
|N0|2 + 1
3
|(dF )−|2. (2.7)
In particular, if J is integrable, then |∇F |2 = |dF |2.
The Riemannian curvature tensor R is defined by
R(X, Y, Z,W ) = 〈∇Z∇WY −∇W∇ZY −∇[Z,W ]Y,X〉, (2.8)
where X, Y, Z,W ∈ Γ(TM). Meanwhile, the Riemannian curvature tensor R induces an
important curvature operator R : Λ2TM −→ Λ2TM , defined by
h(R(X ∧ Y ), Z ∧W ) = R(X, Y, Z,W ). (2.9)
One can also use the metric h to view the curvature operator R as an endomorphism of
∧2M .
Let {e1, e2, ..., e2n} be a local orthonormal frame field of (M,h). The Ricci tensor is
Ric(X, Y ) = R(eA, X, eA, Y ), the corresponding Riemannian scalar curvature is s =
Ric(eA, eA).
Indeed, on an almost Hermitian manifold (M,J, h), there is a J-twisted version of the
Ricci tensor, called the J-Ricci tensor from now on (in some literatures, also called the
∗-Ricci tensor) [21, 36, 13]. The J-Ricci tensor, denoted by RicJ , is defined by
RicJ(X, Y ) = R(eA, X, JeA, JY ).
7The corresponding J-scalar curvature, denoted by sJ , is given by sJ = RicJ (eA, eA). In
general, RicJ 6= Ric, RicJ (X, Y ) 6= RicJ(Y,X), but RicJ (X, Y ) = RicJ (JY, JX).
Thus, we can introduce the following 2-form ρJ , called the J-Ricci form,
ρJ(X, Y ) = −RicJ (X, JY ). (2.10)
By direct calculations, we have
ρJ = R(F ), sJ = 2〈R(F ), F 〉. (2.11)
Let ∆d = dδ + δd be the Hodge Laplacian operator associated to the metric h. By
using the Bochner-Weitzenbo¨ck formula for the fundamental 2-form F , we obtain [17]
∆dF = ∇∗∇F + 2(n− 1)
n(2n− 1)s · F
− 2W (F ) + n− 2
n− 1[Ric0(J ·, ·)− Ric0(·, J ·)], (2.12)
where ∇∗ denotes the adjoint of the Levi-Civita connection ∇ with respect to h, Ric0 is
the trace-free part of the Ricci tensor Ric, andW is the Weyl curvature operator.
By contracting (2.12) by F , then
〈∆dF, F 〉 − 〈∇∗∇F, F 〉 = 2(n− 1)
2n− 1 s− 2〈W (F ), F 〉. (2.13)
Since
〈∆dF, F 〉 = |dF |2 + |αF |2 + 2δαF
and 〈∇∗∇F, F 〉 = |∇F |2, it follows that
2(n− 1)
2n− 1 s− 2〈W (F ), F 〉 = |dF |
2 + |αF |2 + 2δαF − |∇F |2. (2.14)
In particular, if (M,J, h) is conformally flat, i.e.,W = 0, then
s =
2n− 1
2(n− 1)[|dF |
2 + |αF |2 + 2δαF − |∇F |2]. (2.15)
In general, from the decomposition of the Riemannian curvature tensor [3, 13], we
have
〈W (F ), F 〉 = 1
2(2n− 1)[(2n− 1)sJ − s]. (2.16)
Combing (2.14), (2.16) and (2.7), we obtain the following difference between the Rie-
mannian scalar curvature s and J-scalar curvature sJ ,
s− sJ = |dF |2 − |∇F |2 + |αF |2 + 2δαF
=
2
3
|(dF )−|2 − 1
4
|N0|2 + |αF |2 + 2δαF . (2.17)
We remark that from (2.7) and (2.17), we can prove all the linear relations in Theorem 7.2
in [21]. Using the formula (2.17), we have
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Theorem 2.1. Let (M,J, h) be a compact almost Hermitian manifold of real dimension
2n. If (M,J, h) ∈ W1 ⊕W3 ⊕W4, then∫
M
(s− sJ)dv ≥ 0.
The equality holds if and only if (M,J, h) is a balanced Hermitian manifold.
Proof. From the decomposition of∇F , if (M,J, h) ∈ W1⊕W3⊕W4, then the component
N0 = 0. From (2.17), we have
s− sJ = 2
3
|(dF )−|2 + |αF |2 + 2δαF ,
which implies ∫
M
(s− sJ)dv = 2
3
∫
M
|(dF )−|2dv +
∫
M
|αF |2dv ≥ 0.
It is obvious that the above equality holds if and only if (dF )− = αF = 0. Together with
N0 = 0, the result follows.
Remark 2.2. Recently, B. Yang and F. Y. Zheng [38] have proved that for a compact
Hermitian manifold (M,J, h) with Riemannian curvature tensor R satisfying the Gray-
Ka¨hler-like condition [19] (i.e., R(X, Y, Z,W ) = R(X, Y, JZ, JW )), then (M,J, h)
must be a balanced Hermitian manifold. This result is included in our Theorem 2.1. Be-
cause the Gray-Ka¨hler-like condition implies s − sJ = 0, and moreover, our condition
(M,J, h) ∈ W1 ⊕W3 ⊕W4, not necessary a Hermitian manifold.
By using the same method as in Theorem 2.1, we obtain
Theorem 2.3. Let (M,J, h) be a compact almost Hermitian manifold of real dimension
2n. If (M,J, h) ∈ W2 ⊕W3, then ∫
M
(s− sJ)dv ≤ 0.
The equality holds if and only if (M,J, h) is a balanced Hermitian manifold.
Proof. From the decomposition of ∇F , if (M,J, h) ∈ W2 ⊕ W3, then the component
(dF )− = αF = 0. From (2.17), we have
s− sJ = −1
4
|N0|2 = −1
4
|N |2,
which implies ∫
M
(s− sJ)dv = −1
4
∫
M
|N |2dv ≤ 0.
Thus, the theorem follows.
9Remark 2.4. We should remark some interesting observations. From Theorem 2.1, it
follows that compact real hyperbolic manifold (of dimension 2n ≥ 4) does not admit a
compatibleW1⊕W3⊕W4-structure, in particular, does not admit an orthogonal complex
structure, since real hyperbolic manifold is conformally flat with s < 0 [22][17]. Theo-
rem 2.3 implies that the six sphere S6 with the standard round metric does not admit a
compatibleW2 ⊕W3-structure, since S6 with the standard round metric is conformally
flat with s > 0 [22]. By the same reasons, the Hopf manifold S1×S2n−1 with the standard
induced metric does not admit a compatibleW2 ⊕W3-structure.
3 Scalar curvatures of the Lichnerowicz connection
In this section, we show the explicit formulas of the two Hermitian scalar curvatures of
the Lichnerowicz connection on an almost Hermitian manifold. Preparing for the next
section, the corresponding structure equations of the Lichnerowicz connection are also
presented.
Let (M2n, J, h) be an almost Hermitian manifold with Levi-Civita connection∇. The
Lichnerowicz connectionD0 is defined by
D0XY = ∇XY −
1
2
J(∇XJ)Y, (3.1)
and the corresponding curvature tensorK0 is
K0(X, Y, Z,W ) = 〈D0ZD0WY −D0WD0ZY −D0[Z,W ]Y,X〉, (3.2)
where X, Y, Z,W ∈ Γ(TM).
A straightforward computation shows the following relation of the curvature tensors
K0 and R [20, 12],
K0(X, Y, Z,W ) =
1
2
[R(X, Y, Z,W ) +R(JX, JY, Z,W )] (3.3)
+
1
4
[〈(∇ZJ)X, (∇WJ)Y 〉 − 〈(∇WJ)X, (∇ZJ)Y 〉].
From the above formula, as in the Hermitian case [16, 28], we can define various Ricci
forms and Hermitian scalar curvatures by some usful contractions of the curvature tensor
K0. Here, we only consider two Hermitian scalar curvatures, denoted by s1(0) and s2(0),
of the Lichnerowicz connection.
With respect to the almost Hermitian structure (h, J), we shall always choose a local
J-adapted orthonormal frame field {ei, en+1 = Jei}i=1,2,...,n. Then the corresponding
unitary frame field is {ui = 1√2(ei−
√−1en+i)}i=1,2,...,n. Set ui¯ = ui. The first Hermitian
scalar curvature s1(0) and the second Hermitian scalar curvature s2(0) are defined by
s1(0) = K
0(ui¯, ui, uj, uj¯), s2(0) = K
0(ui¯, uj, ui, uj¯).
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From the relation (3.3) and (2.11), we have
s1(0) = R(ui¯, ui, uj, uj¯) +
1
4
[〈(∇ujJ)ui¯, (∇uj¯J)ui〉 − 〈(∇uj¯J)ui¯, (∇ujJ)ui〉]
=
1
2
sJ − 1
8
〈(∇eBJ)(JeA), (∇JeBJ)eA〉. (3.4)
According to the decomposition (2.4) of∇F , it follows that
〈(∇eBJ)(JeA), (∇JeBJ)eA〉 = −〈(∇JeBJ)(JeA), (∇eBJ)eA〉
= −2|(dF )+|2 + 2
3
|(dF )−|2 + 1
2
|N0|2. (3.5)
Then, from (3.4) and (3.5), we get
s1(0) =
1
2
sJ +
1
4
|(dF )+|2 − 1
12
|(dF )−|2 − 1
16
|N0|2. (3.6)
For s2(0), by the similar method, we have
s2(0) = R(ui¯, uj, ui, uj¯) +
1
4
[〈(∇uiJ)ui¯, (∇uj¯J)uj〉 − 〈(∇uj¯J)ui¯, (∇uiJ)uj〉]. (3.7)
Using the first Bianchi identity, it follows
R(ui¯, uj, ui, uj¯) = R(ui¯, ui, uj, uj¯) +R(ui¯, uj¯, ui, uj)
=
1
2
R(ui¯, ui, uj, uj¯) +
1
4
[4R(ui¯, uj¯, ui, uj) + 2R(ui¯, ui, uj, uj¯)]
=
1
4
sJ +
1
4
s. (3.8)
Note that
〈(∇uiJ)ui¯, (∇uj¯J)uj〉 =
1
2
〈(∇eAJ)eA, (∇eBJ)eB〉 =
1
2
|αF |2, (3.9)
and
〈(∇uj¯J)ui¯, (∇uiJ)uj〉 =
1
2
〈(∇eAJ)eB, (∇eBJ)eA〉
=
1
2
(|∇F |2 − |dF |2). (3.10)
Then, from (3.7), (3.8), (3.9) and (3.10), we obtain
s2(0) =
1
4
(sJ + s) +
1
8
[|αF |2 − (|∇F |2 − |dF |2)]. (3.11)
Combing (2.7) and (2.17), the formulas (3.6) and (3.11) yield the following theorem.
Theorem 3.1. Let (M,J, h) be an almost Hermitian manifold of real dimension 2n. Then
s1(0) =
s
2
− 5
12
|(dF )−|2 + 1
16
|N0|2 + 1
4
|(dF )+0 |2 +
3− 2n
4(n− 1) |αF |
2 − δαF , (3.12)
and
s2(0) =
s
2
− 1
12
|(dF )−|2 + 1
32
|N0|2 − 1
8
|αF |2 − 1
2
δαF . (3.13)
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Remark 3.2. The integral formula of (3.12) is given in [7]. This formula is very useful in
characterizing different types of almost Hermitian structures, in particular, for these with
vanishing first Chern class [32, 7].
Note that for other canonical Hermitian connections mentioned in the introduction, the
corresponding curvature tensor is extremely complicated, not so simple as in the formula
(3.3). In the next section, we should exploit the moving frame method, which turns out to
be very effective in our study of curvatures in almost Hermitian geometry. At the end of
this section, we also show the structure equations of the Lichnerowicz connection on an
almost Hermitian manifold, preparing for the next section.
Let {ei, en+1 = Jei}i=1,2,...,n be a local J-adapted orthonormal frame field on (M,J, h),
its dual coframe field is denoted by {ω1, ω2, ..., ω2n}. Let ω = (ωAB) be the connection
form matrix of the Levi-Civita connection. The corresponding curvature form matrix is
denoted by Ω = (ΩAB). Thus, the structure equations of the Levi-Civita connection are
dωA = −ωAB ∧ ωB, (3.14)
dωAB = −ωAC ∧ ωCB + ΩAB, (3.15)
where ωAB + ω
B
A = 0, Ω
A
B =
1
2
RABCDω
C ∧ ωD, RABCD = R(eA, eB, eC , eD).
Set J0 =
(
0 −In
In 0
)
, In is the n × n identity matrix. Then we have the following
decompositions of ω and Ω,
ω =
1
2
(ω − J0ωJ0) + 1
2
(ω + J0ωJ0),
Ω =
1
2
(Ω− J0ΩJ0) + 1
2
(Ω + J0ΩJ0).
In fact, 1
2
(ω− J0ωJ0) is the connection form matrix of the Lichnerowicz connection. The
unitary coframe field is denoted by θi = 1√
2
(ωi +
√−1ωn+i), and set
ϕij =
1
2
(ωij + ω
n+i
n+j) +
√−1
2
(ωn+ij − ωin+j),
µij =
1
2
(ωij − ωn+in+j) +
√−1
2
(ωn+ij + ω
i
n+j).
Obviously,ϕij+ϕ
j
i = 0 and µ
i
j+µ
j
i = 0. Then the structure equations of the Lichnerowicz
connection are
dθi = −ϕij ∧ θj + τ i, (3.16)
dϕij = −ϕik ∧ ϕkj + Φij , (3.17)
where τ i = −µij∧θj is the torsion form, andΦij = −µik∧µkj+ 12(Ωij+Ωn+in+j)+
√
−1
2
(Ωn+ij −
Ωin+j) is the curvature form.
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Hence, using the skew-symmetric property of Ω and µ, the first Chern form associated
to the Lichnerowicz connection, denoted by ρ1(0), is
ρ1(0) =
√−1tr(Φ) = √−1µij ∧ µij − Ωn+jj . (3.18)
In fact, the two forms
√−1µij ∧ µij and −Ωn+jj are globally defined. In a more familiar
version, these two forms can be rewritten as follows [32],
−Ωn+jj = R(F ) = ρJ ,
√−1µij ∧ µij(X, Y ) =
1
4
〈J(∇XJ)eA, (∇Y J)eA〉,
where X, Y ∈ Γ(TM).
In particular, if (M,J, h) is a Hermitian manifold, equivalently,∇JXJ = J∇XJ , then√−1µij ∧ µij is a non-negative (1, 1)-form.
As a classical example, we consider the six sphere S6. For the standard round metric,
the associated fundamental 2-form F of an orthogonal almost complex structure J satis-
fies R(F ) = F . If J is integrable, thus from (3.18), ρ1(0) is a closed positive 2-form. It
is a contradiction since the second betti number of S6 is zero. Moreover, we can get the
following well-known result.
Proposition 3.3. [26, 32, 6, 31, 35, 28] The six sphere S6 does not admit an orthogonal
complex structure compatible with any metric in a small neighborhood of the standard
round metric.
4 Curvatures of the canonical Hermitian connections
In this section, on an almost Hermitian manifold, by using the structure equations of the
Lichnerowicz connection D0 and the Chern connection D1, we obtain the corresponding
curvature formulas of Gauduchon’s family of canonical Hermitian connections Dt. In
particular, we show the explicit formulas of two Hermitian scalar curvatures in terms
of Riemannian scalar curvature, norms of decompositions of covariant derivative of the
fundamental 2-form with respect to the Levi-Civita connection, and the codifferential of
the Lee form.
For an almost Hermitian manifold (M,J, h), we consider local unitary frame field ui,
and its dual coframe field θi as in section 3. Locally, let ψ = (ψij) be the matrix of the
Chern connection form. Then the structure equations of the Chern connection are given
by
dθi = −ψij ∧ θj + T i, (4.1)
dψij = −ψik ∧ ψkj +Ψij, (4.2)
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where T i is the torsion form, Ψij is the curvature form. For the (1, 1)-component of the
torsion form T i is vanishing, then T i can be written as
T i =
1
2
T ijkθ
j ∧ θk + 1
2
T ij¯k¯θ
j ∧ θk,
where T ijk + T
i
kj = 0, T
i
j¯k¯
+ T i
k¯j¯
= 0.
Next, we rewrite the Nijenhuis tensorN and components of dF in terms of the torsion
of the Chern connection.
Set Nk
i¯j¯
= 〈N(ui¯, uj¯), uk¯〉. From the definition of the Nijenhuis tensor N , we have
N =
1
2
Nki¯j¯uk ⊗ θi ∧ θj +
1
2
Nk
i¯j¯
uk¯ ⊗ θi ∧ θj . (4.3)
The torsion tensor TD
1
of the Chern connection is defined by
TD
1
(X, Y ) = D1XY −D1YX − [X, Y ],
then
TD
1
= ui ⊗ T i + ui¯ ⊗ T i. (4.4)
Moreover, since
N(X, Y ) = −2TD1(X, Y )− 2JTD1(JX, Y ),
then (4.3) and (4.4) yield
Nki¯j¯ = 2〈−TD
1
(ui¯, uj¯) +
√−1JTD1(ui¯, uj¯), uk¯〉 = −4T ki¯j¯ (4.5)
From the structure equation (4.1), the exterior differential of the fundamental 2-form
F is given by
dF =
√−1(T i ∧ θi − θi ∧ T i).
Then we have
αF = JδF = T
i
jiθ
j + T ijiθ
j, (4.6)
(dF )+ =
√−1
2
(T ijkθ
j ∧ θk ∧ θi − T ijkθj ∧ θk ∧ θi), (4.7)
(dF )− =
√−1
2
(T i
j¯k¯
θj ∧ θk ∧ θi − T i
j¯k¯
θj ∧ θk ∧ θi). (4.8)
From (4.4)–(4.8), some direct calculations show the following formulas of norms,
|TD1|2 = T ijkT ijk + T ij¯k¯T ij¯k¯, (4.9)
|N |2 = 16T i
j¯k¯
T i
j¯k¯
, |αF |2 = 2T ijiT kjk, (4.10)
|(dF )+|2 = T ijkT ijk, |(dF )−|2 = T ij¯k¯T ij¯k¯ + 2T ij¯k¯T ki¯j¯ . (4.11)
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Combing the structure equations (3.16) and (4.1), we have
(ϕij − ψij) ∧ θj + T i − τ i = 0. (4.12)
From the following facts,
ϕij + ϕ
j
i = 0, ψ
i
j + ψ
j
i = 0, µ
i
j + µ
j
i = 0,
and some analysis of the form types in (4.12), it follows [25]
ϕij − ψij =
1
2
T ijkθ
k − 1
2
T
j
ikθ
k, (4.13)
µij = −
1
2
T kijθ
k +
1
2
(T ij¯k¯ + T
j
k¯i¯
− T ki¯j¯)θk. (4.14)
Set γ = (γij) = (ϕ
i
j−ψij). Locally, let ψ(t) = (ψij(t)) be the connection form matrix of
the canonical Hermitian connectionDt. Then ψ(t) = ϕ− tγ. In particular, ψ(0) = ϕ and
ψ(1) = ψ, corresponding to the Lichnerowicz connection D0 and the Chern connection
D1 ,respectively.
The structure equations of the canonical Hermitian connectionDt are
dθi = −ψij(t) ∧ θj + T i(t), (4.15)
dψij(t) = −ψik(t) ∧ ψkj (t) + Ψij(t), (4.16)
where T i(t) is the torsion form, Ψij(t) is the curvature form. In particular, T
i(0) = τ i,
Ψij(0) = Φ
i
j , and T
i(1) = T i, Ψij(1) = Ψ
i
j .
From the above structure equation (4.16), the first Chern form associated to the canon-
ical Hermitian connectionDt, denoted by ρ1(t), is
ρ1(t) =
√−1tr(Ψ(t)) = √−1Φjj −
√−1t dγjj
=
√−1Φjj −
√−1 t
2
d(T jjkθ
k − T jjkθk)
= ρ1(0) +
t
2
dδF. (4.17)
The above formula is also obtained by using different methods in [18, 12].
Extending the action of the almost complex structure J to any k-form φ by
(Jφ)(X1, X2, ..., Xk) = (−1)kφ(JX1, JX2, ..., JXk),
where X1, X2, ..., Xk ∈ Γ(TM). Set ρ(1)(t) = 12 [ρ1(t) + Jρ1(t)], i.e., ρ(1)(t) is the (1, 1)-
component of the first Chern form ρ1(t). If (M,J, h) is a Hermitian manifold, it is well-
known that the first Chern form ρ1(1) is a real (1, 1)-form. Then in the integrable case,
(4.17) implies
ρ(1)(1) = ρ1(1) = ρ1(0) +
1
2
dδF. (4.18)
Hence, we get the following generalization of Theorem 1.2 in [28],
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Proposition 4.1. Let (M,J, h) be a compact Hermitian manifold. cAC1 (M) is the first
Aeppli-Chern class of the anti-canonical line bundleK∗M . Then ρ
(1)(t) represents cAC1 (M)
inH
1,1
A (M ; R). More precisely,
ρ(1)(t) = ρ1(1) +
t− 1
2
(∂∂∗F + ∂¯∂¯∗F ).
Proof. For a Hermitian manifold, from (4.17) and (4.18), we have
ρ(1)(t) =
1
2
[ρ1(0) +
t
2
dδF + J(ρ1(0) +
t
2
dδF )]
=
1
2
[ρ1(1) +
t− 1
2
dδF + ρ1(1) +
t− 1
2
J dδF )]
= ρ1(1) +
t− 1
4
(dδF + J dδF ).
Since on a compact Hermitian manifold, d = ∂ + ∂¯, δ = − ∗ d∗ = ∂∗ + ∂¯∗, where
∂∗ = − ∗ ∂¯∗ and ∂¯∗ = − ∗ ∂∗ are formal adjoints of ∂ and ∂¯, respectively. Then
dδF + J dδF = 2(∂∂∗F + ∂¯∂¯∗F ).
Now the result follows.
As in section 3, we define the curvature tensor, denoted by Kt, of the canonical Her-
mitian connection Dt as follows,
Kt(X, Y, Z,W ) = 〈DtZDtWY −DtWDtZY −Dt[Z,W ]Y,X〉,
where X, Y, Z,W ∈ Γ(TM). Then the curvature form
Ψij(t) =
1
2
Kti¯jklθ
k ∧ θl +Kti¯jkl¯θk ∧ θl +
1
2
Kti¯jk¯l¯θ
k ∧ θl, (4.19)
where Kt
i¯jkl
+ Kt
i¯jlk
= 0, Kt
i¯jk¯l¯
+Kt
i¯jl¯k¯
= 0. Here, Kt
i¯jkl
= Kt(ui¯, uj, uk, ul), others are
similar.
Proposition 4.2. Let (M,J, h) be an almost Hermitian manifold of real dimension 2n.
Then the components of the curvature tensor Kt of the canonical Hermitian connection
Dt are given by
Kti¯jkl = Ri¯jkl +
1
4
[T kip(T
p
j¯l¯
+ T j
l¯p¯
− T l
p¯j¯
)− T lip(T pj¯k¯ + T jk¯p¯ − T kp¯j¯)] (4.20)
− t
2
(T ijl,k − T ijk,l + T ijpT pkl − T jipT pk¯l¯) +
t2 − 2t
4
(T ipkT
p
jl − T iplT pjk),
Kti¯jkl¯ = Ri¯jkl¯ +
1
4
(T ip¯l¯ + T
p
l¯¯i
− T li¯p¯)(T pj¯k¯ + T jk¯p¯ − T kp¯j¯)−
1
4
T kipT
l
pj (4.21)
+
t
2
(T ijk,l¯ + T
j
il,k¯
) +
t2 − 2t
4
(T pjkT
p
il − T ipkT jpl),
Kti¯jk¯l¯ = Ri¯jk¯l¯ +
1
4
[T lpj(T
i
p¯k¯ + T
p
k¯i¯
− T ki¯p¯)− T kpj(T ip¯l¯ + T pl¯¯i − T li¯p¯)] (4.22)
− t
2
(T jik,l − T jil,k + T ijpT pk¯l¯ − T jipT pkl) +
t2 − 2t
4
(T pikT
j
pl − T pilT jpk),
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where T ijk,l and T
i
jk,l¯
are defined by
dT ijk + T
p
jkψ
i
p − T ipkψpj − T ijpψpk = T ijk,lθl + T ijk,l¯θl. (4.23)
Proof. From the structure equation (4.16), the curvature form Ψij(t) is
Ψij(t) = Ψ
i
j(0)− t(dγij + ϕik ∧ γkj + γik ∧ ϕkj ) + t2γik ∧ γkj
= Ψij(0)− t(dγij + ψik ∧ γkj + γik ∧ ψkj ) + (t2 − 2t)γik ∧ γkj , (4.24)
where
Ψij(0) = Φ
i
j = −µik ∧ µkj +
1
2
(Ωij + Ω
n+i
n+j) +
√−1
2
(Ωn+ij − Ωin+j)
is the curvature form of the Lichnerowicz connectionD0.
From (4.14), we get the form decomposition of µip ∧ µpj as follows,
(µip ∧ µpj)(2,0) = −
1
4
T kip(T
p
j¯l¯
+ T j
l¯p¯
− T l
p¯j¯
)θk ∧ θl, (4.25)
(µip ∧ µpj)(0,2) = −
1
4
T lpj(T
i
p¯k¯ + T
p
k¯i¯
− T ki¯p¯)θk ∧ θl, (4.26)
(µip ∧ µpj)(1,1) =
1
4
[T kipT
l
pj − (T ip¯l¯ + T pl¯¯i − T li¯p¯)(T pj¯k¯ + T jk¯p¯ − T kp¯j¯)]θk ∧ θl. (4.27)
For the Riemannian curvature component, since
1
2
(Ωij + Ω
n+i
n+j) +
√−1
2
(Ωn+ij − Ωin+j) = R(ui¯, uj, ·, ·),
then we have
1
2
(Ωij+Ω
n+i
n+j)+
√−1
2
(Ωn+ij −Ωin+j) =
1
2
Ri¯jklθ
k∧θl+Ri¯jkl¯θk∧θl+
1
2
Ri¯jk¯l¯θ
k∧θl. (4.28)
From (4.13), it follows
γip ∧ γpj =
1
4
T ipkT
p
jlθ
k ∧ θl + 1
4
T
p
ikT
j
plθ
k ∧ θl + 1
4
(T pjkT
p
il − T ipkT jpl)θk ∧ θl. (4.29)
Combing (4.13) and the structure equation (4.1), a direct calculation shows that
dγij + ψ
i
p ∧ γpj + γip ∧ ψpj =
1
2
(dT ijl + T
p
jlψ
i
p − T iplψpj − T ijpψpl ) ∧ θl
+
1
2
T ijpT
p − 1
2
T
j
ipT
p − 1
2
(dT jil + T
p
ilψ
j
p − T jplψpi − T jipψpl ) ∧ θl. (4.30)
Then from (4.23), (4.30) implies
dγij + ψ
i
p ∧ γpj + γip ∧ ψpj =
1
2
(T ijl,kθ
k + T ijl,k¯θ
k) ∧ θl
+
1
2
T ijpT
p − 1
2
T
j
ipT
p − 1
2
(T jil,kθ
k + T j
il,k¯
θk) ∧ θl. (4.31)
Put (4.25)–(4.31) into the formula (4.24), then we get the results.
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As done in section 3, by using contractions of the curvature component Kt
i¯jkl¯
, two
Hermitian scalar curvatures s1(t) and s2(t) of the canonical Hermitian connectionD
t are
defined by
s1(t) = K
t
i¯ijj¯, s2(t) = K
t
i¯jij¯. (4.32)
Theorem 4.3. Let (M,J, h) be an almost Hermitian manifold of real dimension 2n. Then
s1(t) =
s
2
− 5
12
|(dF )−|2 + 1
16
|N0|2 + 1
4
|(dF )+0 |2
+ [
1
4(n− 1) +
t− 1
2
]|αF |2 + t− 2
2
δαF
(4.33)
and
s2(t) =
s
2
− 1
12
|(dF )−|2 + 1
32
|N0|2 − t
2 − 2t
4
|(dF )+0 |2
− [ t
2 − 2t
4(n− 1) +
(t+ 1)2
8
]|αF |2 − t+ 1
2
δαF .
(4.34)
Proof. For s1(t), from (4.22), we have
s1(t) = s1(0) +
t
2
(T iij,j¯ + T
i
ij,j¯
)
= s1(0) +
t
2
〈dδF, F 〉 = s1(0) + t
2
(|αF |2 + δαF ). (4.35)
Then (3.12) and (4.35) imply (4.33).
For s2(t), from (4.22), we have
s2(t) = s2(0) +
t
2
(T iji,j¯ + T
j
ij,¯i
) +
t2 − 2t
4
(T pjiT
p
ij − T ipiT jpj)
= s2(0)− t
2
(|αF |2 + δαF )− t
2 − 2t
4
(T pijT
p
ij + T
i
piT
j
pj). (4.36)
Combing with (4.10) and (4.11), it follows that
s2(t) = s2(0)− t
2
(|αF |2 + δαF )− t
2 − 2t
4
|(dF )+|2 − t
2 − 2t
8
|αF |2. (4.37)
Then (3.13) and (4.37) imply (4.34).
Now, we give two particular cases of Theorem 4.3. For Hermitian manifolds, equiva-
lently, (dF )− = N0 = 0, we have
Corollary 4.4. Let (M,J, h) be a Hermitian manifold of real dimension 2n. Then
s1(t) =
s
2
+
1
4
|dF |2 + t− 1
2
|αF |2 + t− 2
2
δαF (4.38)
and
s2(t) =
s
2
− t
2 − 2t
4
|dF |2 − (t+ 1)
2
8
|αF |2 − t+ 1
2
δαF . (4.39)
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For almost Hermitian surfaces, (dF )− = (dF )+0 = 0, then we have
Corollary 4.5. Let (M,J, h) be an almost Hermitian surface. Then
s1(t) =
s
2
+
1
16
|N |2 + 2t− 1
4
|αF |2 + t− 2
2
δαF (4.40)
and
s2(t) =
s
2
+
1
32
|N |2 − 3t
2 − 2t+ 1
8
|αF |2 − t + 1
2
δαF . (4.41)
Remark 4.6. From Theorem 4.3, we can obtain explicit relations among various scalar
curvatures, for each of the 16 classes ( 4 classes for n = 2) of almost Hermitian manifolds
given by the Gray-Hervella classification. For Hermitian manifolds, there are many stud-
ies with respect to the Hermitian scalar curvatures of the Bismut connection, the Lich-
nerowicz connection and the Chern connection (i.e., corresponding to t = −1, 0, 1 )
[16, 1, 23, 28, 15]. Recently, for almost Hermitian manifolds, s1(1) and s2(1) are also
given in [27] by using different method.
Remark 4.7. As in the Hermitian case [16, 28], on an almost Hermitian manifold, one can
also define four Ricci forms, denoted by ρ(1)(t), ρ(2)(t), ρ(3)(t) and ρ(4)(t), of canonical
Hermitian connectionDt as follows,
ρ(1)(t) =
√−1Kt
k¯kij¯
θi ∧ θj, ρ(2)(t) = √−1Kt
j¯ikk¯
θi ∧ θj,
ρ(3)(t) =
√−1Kt
k¯ikj¯
θi ∧ θj, ρ(4)(t) = √−1Kt
j¯kik¯
θi ∧ θj.
These Ricci forms are very useful in the research of almost Hermitian curvature flows
and cohomology groups of almost Hermitian manifold, which are worthy to study fur-
thermore. One can refer to some related works in [28, 33, 34, 8].
5 Some applications
In this section, we show some applications of Theorem 4.3.
On a compact Hermitian manifold (M,J, h) with the Chern connection, (4.38) im-
plies the following integral formula of the first Hermitian scalar curvature s1(1) and the
Riemannian scalar curvature s,
∫
M
[2s1(1)− s]dv = 1
2
∫
M
|dF |2dv ≥ 0.
The equality holds if and only if dF = 0, i.e., (M,J, h) is a Ka¨hler manifold [16, 28].
In general, for an almost Hermitian manifold (M,J, h) with canonical Hermitian con-
nectionDt, we have
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Theorem 5.1. Let (M,J, h) be a compact almost Hermitian manifold of real dimension
2n (n ≥ 3).
(1) If (M,J, h) ∈ W2 ⊕W3 ⊕W4 and t ≥ 1− 12(n−1) , then∫
M
[2s1(t)− s]dv ≥ 0.
The equality holds if and only if (M,J, h) is a locally conformally Ka¨hler manifold when
t = 1− 1
2(n−1) or (M,J, h) is a Ka¨hler manifold when t > 1− 12(n−1) .
(2) If (M,J, h) ∈ W1 ⊕W4 and t ≤ 1− 12(n−1) , then∫
M
[2s1(t)− s]dv ≤ 0.
The equality holds if and only if (M,J, h) is a locally conformally Ka¨hler manifold when
t = 1− 1
2(n−1) or (M,J, h) is a Ka¨hler manifold when t < 1− 12(n−1) .
Proof. (1) If (M,J, h) ∈ W2 ⊕W3 ⊕W4, then
(dF )− = 0, N = N0. (5.1)
Combing (4.33) and (5.1), for t ≥ 1− 1
2(n−1) , we have∫
M
[2s1(t)−s]dv = 1
8
∫
M
|N |2dv+1
2
∫
M
|(dF )+0 |2dv+[t−1+
1
2(n− 1)]
∫
M
|αF |2dv ≥ 0.
If
∫
M
[2s1(t)− s]dv = 0, then three components in the above formula are all zero. The
results followed.
(2) If (M,J, h) ∈ W1 ⊕W4, then
N0 = 0, (dF )+0 = 0. (5.2)
Combing (4.33) and (5.2), for t ≤ 1− 1
2(n−1) , we have∫
M
[2s1(t)− s]dv = −5
6
∫
M
|(dF )−|2dv + [t− 1 + 1
2(n− 1)]
∫
M
|αF |2dv ≤ 0.
If
∫
M
[2s1(t)− s]dv = 0, then two components in the above formula are all zero. The
results followed.
From Corollary 4.5, for almost Hermitian surfaces, by using similar methods as in
Theorem 5.1, we get
Theorem 5.2. Let (M,J, h) be a compact almost Hermitian surface.
(1) If t ≥ 1
2
, then ∫
M
[2s1(t)− s]dv ≥ 0.
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The equality holds if and only if (M,J, h) is a Hermitian surface when t = 1
2
or (M,J, h)
is a Ka¨hler surface when t > 1
2
.
(2) If J is integrable and t ≤ 1
2
, then
∫
M
[2s1(t)− s]dv ≤ 0.
The equality holds if and only if t = 1
2
or (M,J, h) is a Ka¨hler surface when t < 1
2
.
Recently, for the Chern connection D1, M. G. Dabkowski and M. T. Lock [11] have
constructed non-compact Hermitian manifolds with 2s1(1) = s which are not Ka¨hler
manifolds. M. Lejmi and M. Upmeier have given a problem in Remark 3.3 in [27]: do
higher-dimensional compact almost Hermitian non-Ka¨hler manifolds with 2s1(1) = s
exist? For this question, from Theorem 5.1 (1), we have the following non-existence re-
sult.
Corollary 5.3. Let (M,J, h) be a compact almost Hermitian manifold of real dimension
2n (n ≥ 3). If (M,J, h) ∈ W2 ⊕W3 ⊕W4 and 2s1(1) = s, then (M,J, h) is a Ka¨hler
manifold.
On the other hand, for a compact Hermitian manifold (M,J, h), from (4.38) and
(4.39), the two Hermitian scalar curvatures s1(1) and s2(1) of the Chern connection sat-
isfy
s1(1)− s2(1) = 1
2
|αF |2 + 1
2
δαF ,
which implies the following well-known integral result [16],∫
M
[s1(1)− s2(1)]dv = 1
2
∫
M
|αF |2dv ≥ 0. (5.3)
The equality holds if and only if αF = 0, i.e., (M,J, h) is a balanced manifold.
In fact, we can obtain similar integral formula on a compact almost Hermitian mani-
fold (M,J, h). From Theorem 4.3, the difference between s1(t) and s2(t) of the canonical
Hermitian connectionDt is
s1(t)− s2(t) = −1
3
|(dF )−|2 + 1
32
|N0|2 + (t− 1)
2
4
|(dF )+0 |2
+
(n+ 1)t2 + (6n− 10)t+ 5− 3n
8(n− 1) |αF |
2 + (t− 1
2
)δαF .
Then we get a general integral formula∫
M
[s1(t)− s2(t)]dv = −1
3
∫
M
|(dF )−|2dv + 1
32
∫
M
|N0|2dv (5.4)
+
(t− 1)2
4
∫
M
|(dF )+0 |2dv +
(n + 1)t2 + (6n− 10)t+ 5− 3n
8(n− 1)
∫
M
|αF |2dv.
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Theorem 5.4. Let (M,J, h) be a compact almost Hermitian manifold of real dimension
2n (n ≥ 3).
(1) If (M,J, h) ∈ W2 ⊕W3 ⊕W4, t ∈ (−∞,−3− 2
√
3] ∪ [−3 + 2√3,+∞), then
∫
M
[s1(t)− s2(t)]dv ≥ 0.
The equality holds if and only if (M,J, h) is a balanced Hermitian manifold when t = 1
or (M,J, h) is a Ka¨hler manifold when t 6= 1.
(2) If (M,J, h) ∈ W1 ⊕W4, t ∈ [−1, 13 ], then∫
M
[s1(t)− s2(t)]dv ≤ 0.
The equality holds if and only if (M,J, h) is a Ka¨hler manifold.
Proof. (1) Obviously, t ∈ (−∞, 5−3n−2
√
3n2−8n+5
n+1
]∪ [5−3n+2
√
3n2−8n+5
n+1
,+∞) yields (n+
1)t2+(6n−10)t+5−3n ≥ 0. In fact, the sequence {5−3n−2
√
3n2−8n+5
n+1
} is monotonically
decreasing, and the sequence {5−3n+2
√
3n2−8n+5
n+1
} is monotonically increasing. For n →
+∞, the limits of these two sequences are −3− 2√3 and −3 + 2√3, respectively. Then
for t ∈ (−∞,−3− 2√3] ∪ [−3 + 2√3,+∞),
(n+ 1)t2 + (6n− 10)t+ 5− 3n > 0.
For (M,J, h) ∈ W2 ⊕W3 ⊕W4, combing (5.1) and (5.4), we get
∫
M
[s1(t)− s2(t)]dv = 1
32
∫
M
|N |2dv + (t− 1)
2
4
∫
M
|(dF )+0 |2dv
+
(n + 1)t2 + (6n− 10)t+ 5− 3n
8(n− 1)
∫
M
|αF |2dv ≥ 0.
If
∫
M
[s1(t) − s2(t)]dv = 0, then three components in the above formula are all zero. A
direct analysis implies the results.
(2) For t ∈ [−1, 1
3
], (n+1)t2+(6n−10)t+5−3n < 0. Since (M,J, h) ∈ W1⊕W4,
from (5.2) and (5.4), we have
∫
M
[s1(t)−s2(t)]dv = (n+ 1)t
2 + (6n− 10)t+ 5− 3n
8(n− 1)
∫
M
|αF |2dv−1
3
∫
M
|(dF )−|2dv.
Then
∫
M
[s1(t)− s2(t)]dv ≤ 0, with equality holding if and only if (dF )− = αF = 0, i.e.,
(M,J, h) is a Ka¨hler manifold.
For completeness, we also give a similar result for almost Hermitian surfaces.
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Theorem 5.5. Let (M,J, h) be a compact almost Hermitian surface.
(1) If t ∈ (−∞,−1] ∪ [1
3
,+∞), then
∫
M
[s1(t)− s2(t)]dv ≥ 0.
The equality holds if and only if (M,J, h) is a Hermitian surface when t ∈ {−1, 1
3
} or
(M,J, h) is a Ka¨hler surface when t ∈ (−∞,−1) ∪ (1
3
,+∞).
(2) If J is integrable and t ∈ [−1, 1
3
], then
∫
M
[s1(t)− s2(t)]dv ≤ 0.
The equality holds if and only if t = −1, or t = 1
3
or (M,J, h) is a Ka¨hler surface when
t ∈ (−1, 1
3
).
Proof. From Corollary 4.5, for almost Hermitian surface, we have
∫
M
[s1(t)− s2(t)]dv = 1
32
∫
M
|N |2dv + (3t− 1)(t+ 1)
8
∫
M
|αF |2dv.
Now, the results followed by a direct analysis.
Remark 5.6. There are also many studies of Hermitian manifolds with flat curvature
associated to some canonical Hermitian connection [5, 37, 39]. Recently, B. Yang and
F. Y. Zheng [38], and D. Angella, A. Otal, L. Ugarte and R. Villacampa [2] have intro-
duced the definition of Ka¨hler-like Hermitian structure on a Hermitian manifold, which
is a strong curvature condition. Obviously, the Ka¨hler-like curvature condition in [38, 2]
implies
∫
M
s1(t)dv =
∫
M
s2(t)dv. The above Theorem 5.4 and Theorem 5.5 are closely
related to conjecture 2 in [2] which states that on a compact Hermitian manifold (M,J, h),
if it is Ka¨hler-like for a canonical Hermitian connectionDt with t 6= 1,−1, then (M,J, h)
is a Ka¨hler manifold. Our results are obtained under weaker conditions: 1. (M,J, h) ∈
W2⊕W3⊕W4 or (M,J, h) ∈ W1⊕W4, not necessary a Hermitian manifold; 2. we only
use integrations of the two Hermitian scalar curvatures. Hence, as a corollary, we get
Corollary 5.7. Let (M,J, h) be a compact Hermitian manifold of real dimension 2n
(n ≥ 3). If (M,J, h) is Ka¨hler-like for a canonical Hermitian connection Dt with t ∈
(−∞,−3− 2√3] ∪ [−3 + 2√3, 1) ∪ (1,+∞), then (M,J, h) is a Ka¨hler manifold.
Note that t = −1 (i.e., the Bismut connection) is not contained in the above corollary.
However, for the Bismut connection on a Hermitian manifold, we have
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Theorem 5.8. Let (M,J, h) be a compact Hermitian manifold of real dimension 2n (n ≥
3). Then ∫
M
[s1(−1)− s2(−1)]dv =
∫
M
(|dF |2 − |αF |2)dv.
In particular, if h is a Gauduchon metric (i.e., δαF = 0) and s1(−1) = s2(−1), then h is
a k-Gauduchon metric [14], that is
√−1∂∂¯(F k) ∧ F n−k−1 = 0,
for k = 1, 2, ..., n− 1.
Proof. From (4.38) and (4.39), we have
s2(−1) = s
2
− 3
4
|dF |2,
s1(−1) = s
2
+
1
4
|dF |2 − |αF |2 − 3
2
δαF .
Then the difference between s1(−1) and s2(−1) is
s1(−1)− s2(−1) = |dF |2 − |αF |2 − 3
2
δαF , (5.5)
which implies the following integral formula,∫
M
[s1(−1)− s2(−1)]dv =
∫
M
(|dF |2 − |αF |2)dv.
Next, we provide a direct calculation of
√−1∂∂¯(F k) ∧ F n−k−1 by using the Chern
connection. There are some different methods for dealing with the form
√−1∂∂¯(F k) ∧
F n−k−1 [24, 28].
Firstly, note that
√−1∂∂¯(F k) ∧ F n−k−1 = k(k − 1)√−1∂F ∧ ∂¯F ∧ F n−3 + k√−1∂∂¯F ∧ F n−2. (5.6)
From (4.7), we have
√−1∂F ∧ ∂¯F = −
√−1
4
T ijkT
l
pqθ
l ∧ θj ∧ θk ∧ θi ∧ θp ∧ θq,
which implies
〈√−1∂F ∧ ∂¯F, F 3〉 = 6T ikiT jkj − 3T ijkT ijk. (5.7)
From (4.7), (4.1) and (4.23), it follows that
√−1∂∂¯F = 1
2
[d(T ijkθ
j ∧ θk ∧ θi)](2,2)
= (
1
2
T
q
jk,p¯ +
1
4
T ipqT
i
jk)θ
p ∧ θq ∧ θj ∧ θk,
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which implies
〈√−1∂∂¯F, F 2〉 = T ijkT ijk + 2T iji,j¯. (5.8)
From (4.10) and (4.11), for a Hermitian manifold, we have
|αF |2 = 2T ikiT jkj , |dF |2 = T ijkT ijk. (5.9)
Put (5.9) into (5.7) and (5.8), then
〈√−1∂F ∧ ∂¯F, F 3〉 = 3(|αF |2 − |dF |2), (5.10)
〈√−1∂∂¯F, F 2〉 = |dF |2 − |αF |2 − δαF . (5.11)
Combing (5.6), (5.10) and (5.11), we get
√−1∂∂¯(F k) ∧ F n−k−1 = k(k − 1)(n− 3)!
6
〈√−1∂F ∧ ∂¯F, F 3〉dv
+ k
(n− 2)!
2
〈√−1∂∂¯F, F 2〉dv
= k
(n− 3)!
2
[(n− k − 1)(|dF |2 − |αF |2)− (n− 2)δαF ]dv.
(5.12)
Furthermore, if h is a Gauduchon metric (i.e., δαF = 0 ) and s1(−1) = s2(−1), then (5.5)
implies |dF |2 − |αF |2 = 0. Hence
√−1∂∂¯(F k) ∧ F n−k−1 = 0, k = 1, 2, ..., n− 1.
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